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Abstract 
Jayasri, C. and Y. Sitaraman, On a Bernstein-type operator of Bleimann, Butzer and Hahn, Journal of 
Computational nd Applied Mathematics 47 (1993) 267-272. 
The largest subclass of C[0, oo) for which the Bernstein-type operator L n is a pointwise approximation process 
is determined. Approximation of analytic functions by Ln is also discussed. 
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1. Introduction 
The operators 
Ln(f(t); x)= ~ Pn,k(x)f( 
k=0 
with 
x>~0, n~[N, (1.1) n-k+l  ' 
Pn,k(X)=(nk)Xk(1 +x) -n 
were introduced by Bleimann, Butzer and Hahn [4]. These operators are defined on C[0, oo), 
the space of continuous functions on the unbounded interval [0, oo), and have the property that 
they converge to f uniformly on any finite interval [a, b] c [0, oo), provided f is bounded and 
continuous on [0, oo). Khan [9,10] recently did a detailed study of these operators. In Section 2 
of this paper, we obtain the largest subclass of C[0, oo) on which (L,)  defines a pointwise 
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approximation process. Similar studies have been carried out by Ditzian [6] for Szasz and 
Baskakov operators. We study in Section 3 the behaviour of the rational functions 
L , ( f ( t ) ;  z )= P , ,k (z ) f  (1.2) 
k=0 n-k+l  
for complex values of z outside [0, oo). Here we assume that f ( z )  is defined and analytic in a 
certain region containing [0, oo). For Bernstein polynomials, a similar problem was dealt with by 
Wright [15], Kantorovitch [8] and later by Bernstein [1-3]. For certain other Bernstein-type 
operators, Eisenberg and Wood [7,13,14] investigated this problem. 
2. Approximation of unbounded functions in C[0, ~) by (L n) 
In order to formulate the main result of this section, we introduce the following notation: 
9-= {f~ C[0, ~)" for each A > 0, f (x )= O(1)e A/on [0, ~)}. 
That is, 9- denotes the subclass of C[0, oo) consisting of all f in C[0, ~) satisfying the growth 
restriction f (x )  = O(1)e Ax on [0, oo) for each A > 0. 
Theorem 2.1. ( L n) defines a pointwise approximation process on S r. That is, 
lim L , ( f ;  x) =f(x ) ,  
n ---~ ~ 
for each x in [0, oo), provided f ~ 3 r. 
E 
n k_ -~ -x  >16 
In order to establish this theorem, we need the following auxiliary results. 
Lemma 2.2 (Lorentz [11, p.18]). Let 
Pn,k (X)=(n)  k xk( l~x)  n-k, for O<x<~l.  
For all z, 0 <~ z <~ 3{nx(1 - x)} 1/2, 
E P, ,k(X)<~2exp(--Z2) • 
I k -nx[>~ 2x{nx(1 -x)}  1/2 
Lemma 2.3. Suppose 0 < 8 <~ x. Then for n ~ ~, 
I P~,k(X) ~ 2 exp 16x(1 +x) 2 " 
Proof. We first observe that 
Pn,k(x) =Pn,k , for 0 <x < ~. 
Further, I k / (n  - k) -x  l >t 8 implies that 
k x -8  k x+8 
--~< or -->1 
n l+x-~ n 1+x+8 
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So for 0 < 8 ~< x, 
k x 
n l+x  
Hence, 
where 
I 8 
- -  exceeds 2(1 +x)  2" 
(x) 
E P.,k(x) <~ z p.,k ~ = E p..~(r), 
n - k 2(1 +x)  2 
E 
x 1(  n )l J2 
= ~  and z= 8 ~2 • 
Y 1 +x 4- x(1 +x 
/ 
Since 0 < 8 ~< x, it can be easily seen that z satisfies the condition of Lemma 2.2. Hence by 
Lemma 2.2, 
( -n~ ) 
[] 
P.,k(x) ~ 2 exp( -z  2) -- 2 exp 16x(1 + x) 2 " 
Proof of Theorem 2.1. Suppose f ~ 9 .  Fix x > 0. Let e > 0 be arbitrary. Choose 8, 0 < 8 ~< x, 
such that for y >/0, [ y -x  [ < 28 implies If(Y) - f (x ) [  < e. Observe that 
n -k  x <Simpl ies n - k + l x <26 
for large n. Consequently by the choice of 6, for such n, 
f n -k+l  - f (x )  <e. 
Thus for all n suffiently large, taking Ff(x) = max o ,~ t,~ x [ f(t)  I, we have 
Ln( f ( t ) - f (x ) l<e+ ~ Pn'k(X) f n -k+ l - f (x )  
<e + 2F/(n) E P,.k(x) 
( n62 ) -  
~< e + 4Ff(n) exp 16x(1 + x) 2 ' (2.1) 
by Lemma 2.3. Since re .g  r, F r also belongs to 9". That is, for each A > 0, Fi(x)e -Ax is 
bounded on [0, oo). In particular, there exists M > 0 such that for all t in [0, oo), 
( 82t ) 
Ff(t) ~M exp 32x(1 +x)  2 " (2.2) 
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Using estimates (2.1) and (2.2), we have, for all n sufficiently large, 
[Ln( f ;x ) - f (x ) l<e+4Mexp -32x(1 .+x)2  <2e.  
Consequently we have, for each x ~ [0, ~), 
lim L,,(f; x )=- f (x) .  [] 
Remark. The class 5 r in Theorem 2.1 cannot be replaced by the larger class 
{ f~ C[0, ~): f (x )=O(1)e  Ax on [0, ~)}, 
for some fixed A > 0, however small A > 0 is. To see this, fix A > 0: 
n ( ) (X )n  
L (e At. x )  = E n -neAk/ (n-k+l )  e A ~ oo, "" ' k xk(1 +x)  >1 l +x  
k O 
as n ---> ~ for all x > (e A - 1)-1 
3. Approximation of analytic functions by (L.) 
We observe that for the operators L,,, 
L,(t;  z )=z-z  ~ --->z, n~,  
if and only if z lies in the half plane H = {z:l z/(1 + z) I < 1}. 
In this section we prove the following theorem. 
Theorem 3.1. Let f (z )  be analytic in the half plane H={z: l z / ( l  +z)[ <1}. For each r, 
0 < r < 1, let M0(r; f )  = max{ [f (z)  1: [ z/(1 + z)[ = r}. Suppose lim sup r , l _ (M0(r ;  f ) ) l - r  ~< 1. 
Then L,( f; z) converges to f (z )  uniformly on compact subsets of H. 
We make use of the following results in the sequel. 
Theorem 3.2 (Vitali [12, p.168]). Let {f,,(x)} be a sequence of functions analytic in a region Y2 and 
let {f,,(z)} be uniformly bounded on g-2. Suppose f ~( z ) tends to a limit as n ~ ~ on a set of points 
having a limit point inside g-2. Then f,,(z) tends uniformly to a limit in any region bounded by a 
contour interior to g2, the limit therefore being an analytic function of z. 
l.emma 3.3 (Cartwright [5, p.13]). Suppose f(  z) = E:=oanz n is analytic in the disc 
0 < r < R, let Ma(r; f )  and M2(r; f )  be defined as follows: 
Ml( r ;  f )=  max [f(z)l, 
lzl =r 
Then for 0 < r < R, 
ME(r; f )=  ( 
ao \1/2 
n=O 
R + r )1/2 
; M2(r; f ) .  ME(r f )<'Ml( r ;  f )~  R- r  
Izl <R.  For 
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Lemma 3.4. Suppose 0 < a < 1, m ~ N. For all n ~ N and for all z such that 
((tt  t ((ttm a t L,, ~ ; z  ~<L n ~ ; 1 -a " 
Proof. This lemma easily follows from the facts that 
(( t )"  ) ( n )m ( z ) 
L n ~ ; z  = ~-~ nnt  m" 
' l+z  
and that B,(tm; z) has nonnegative Taylor coefficients (see [7, Proof of Theorem 2.1]). 
[z / ( l  +z)[ <~a, 
[] 
Proof of Theorem 3.1. Since f (z)  is analytic in the half plane H, f (z)  has an expansion, say 
f (z)  = Ec .  
converging for all z ~ H. Then 
f l (Z )  - E Ic.l(1--~z 
n=0 
is also analytic in H. Hence f (z / (1 +z)) and f l(z/(1 +z)) are analytic in the disc I z l  < 1. 
Hence by Lemma 3.3, for 0 < r < R < 1, 
- 50'Cn'r" --- (£  ,c, ,2"2" 
Again by Lemma 3.3, 
[c"lZR2" ~1/2 z <max If(z)l: ~ --R --M0(r; f). 
n=0 
From estimates (3.1) and (3.2), taking R --- ½(1 + r), we have, for 0 < r < 1, (r) 
fl ~ ~ 2(1 - r)-l"Mo(½(1 + r); f ) .  
Hence 
1-r 
< lim sup {M0(½(1 + r); f)}l-r 
r- - - I .  1 - -  
(3.1) 
(3.2) 
lim sup ~< 1, 
r--) 1 -  
by hypothesis. Taking r = x/(1 + x), we have 
aim sup{fi(x)} 1/(1+x) < 1. 
X ---) oo 
Hence for each A > 0, f l(x)e -Ax is bounded on [0, oo). Since I f (x)  l <f l (x )  for all x in [0, oo), 
it follows that both f (x)  and f l(x) with their respective domains restricted to [0, oo) belong to 
5r where 5 r is defined as in Section 2. Hence by Theorem 2.1, for each x in [0, oo), L , ( f ;  x) 
and L,,(fl; x) tend to f (x)  and fl(x) respectively as n tends to infinity. 
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Clearly z = - 1 is the only singularity of the rational function f (z) .  For all z 4= - 1, 
( ( ) ) o o  ~ _-- ( ( t )  m ) t m "Z  
tn  ( f ; Z) "-~" Zn m=0 ~ cm - i~  Z m~= o Cm Zn -~ , • 
Thus by Lemma 3.4, for I z/(1 + z) I ~< z < 1, we have 
( ) (1a5) a -'~fl , as n - - *~.  lLn(f; z)l<~Ln fl; 1 -a  
Hence Ln(f; z) is uniformly bounded in I z/(1 + z)l ~< a for each a such that 0 < a < 1. The 
convergence of Ln(f; x) to f(x) on [0, ~) has already been obtained. These results together 
with Vitali's theorem lead to the conclusion that L,(f; z) converges to f(z) uniformly on 
compact subsets of the half plane H. [] 
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